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Abstract 

We consider the problem of finding the maximum possible size of a 
family of A;-dimensional subcubes of the n-cube {0, 1}", none of which 
is contained in the union of the others. (We call such a family Hrre- 
dundanf). Aharoni and Holzman [1] conjectured that for k > n/2, 
the answer is (^) (which is attained by the family of all fc-subcubes 
containing a fixed point). We give a new proof of a general upper 
bound of Meshulam and we prove that for k > n/2, any irredun- 
dant family in which all the subcubes go through either (0,0,..., 0) or 
(1,1,..., 1) has size at most (^) . We then give a general lower bound, 
showing that Meshulam's upper bound is always tight up to a factor 
of at most e. 

1 Introduction 

Let {0, 1}" denote the n- dimensional discrete cube, the set of all 0-1 vectors 
of length n. A k- dimensional subcube (or k-subcube) of {0, 1}" is a subset of 
{0, 1}" of the form 

{x e {0, 1}" : Xi = aiWie T} 

where T is a set of — A; coordinates, called the fixed coordinates, and the a^'s 
are fixed elements of {0, 1}. The other coordinates S* = [n] \ T are called the 
moving coordinates. We will represent a subcube by an ra-tuple of O's, I's and 
*'s, where the *'s denote moving coordinates and the O's and I's denote fixed 
coordinates. For example, (*,*,*, 0,1) denotes a 3-dimensional subcube of 

{o,ip. 
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We consider the problem of finding the maximum possible size of a family 
of fc-subcubes of the n-cube {0, 1}", none of which is contained in the union 
of the others. In other words, each has a vertex not contained in any of 
the others (which we call a 'private' vertex). We will call such a family 
Hrredundant , and we write M(n, k) for the maximum size of an irredundant 
family of fc-subcubes of {0, 1}". 

Let [n] denote the set {1,2, . . . ,n}. We may identify {0, 1}" with P[n], 
the set all subsets of [n] , by identifying a subset x C [n] with its characteristic 
vector Xx, defined by 

Xxii) = 1 e X, Xxii) = 0\fi ^x. 

We write (0, 0, . . . , 0) = and (1, 1, . . . , 1) = 1. We will refer to \xAy\, the 
number of coordinates in which x and y differ, as the Hamming distance 
between x and y, and the set 

{y e {0, 1}" : \xAy\ < r} 

as the Hamming ball of centre x and radius r. 

Here are some natural examples of irredundant families: 

The family of all translates of a fixed /c-subcube, 

{A + x:xe {0,1}"} 

where A is a A;-subcube of {0, 1}" — in other words, the collection of all the 
subcubes having the same moving coordinates as A. This family partitions 
{0, 1}", so every vertex is a private vertex of its subcube, and it is a maximal 
irredundant family; it has size 2"'~^. 

The family J-'q of all /c-subcubes containing 0, {Fx : x G [ra]*^^)}. Clearly, 
X is a private vertex of the fc-subcube Fx; it is the unique such, since any 
?/ C X can be extended to a different k-set z ^ x. This family has size (^) . 
For k > it is maximal, since then any /c-subcube contains a k-set. Simi- 
larly, for any t> G we let J-'^ be the collection of all fc-subcubes through v; 
we call these the 'principal' irredundant families. Aharoni and Holzman pQ 
conjectured that for k > n/2, there are no larger irredundant families: 

Conjecture 1 (Aharoni-Holzman, 1991). Ifk > n/2, any irredundant family 
of k- subcubes o/{0,l}" has size at most (2) ■ 
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Aharoni and Holzman (unpublished - see [B]) gave the following general 
upper bound on the maximum size of an irredundant family of fc-subcubes 
of {0,1}": 



n 

\ ^ / n 



i=k 



M{n,k) < > . Vfc <n. (1) 



This may be proved using a short linear independence argument. Mesu- 
1am [6J proved the following stronger upper bound using a purely combina- 
torial argument: 



n 



M{n, k) < , , , , yk<n. (2) 

(Intuitively, this is saying that, if there were a partition of {0, !}"■ into 
Hamming balls of radius k, it would be best to take the irredundant family 
of all fc-subcubes containing one of the centres of the balls.) We will give a 
simple proof of Meshulam's bound using Bollobas' Inequality. A variant of 
this proof shows that if we choose one private vertex for each subcube in an 
irredundant family, then any Hamming ball of radius k contains at most (^) 
of these private vertices. (This immediately implies Meshulam's bound by 
averaging over all Hamming balls of radius k.) 

For k/n > 'J, where 7 G (|, 1) is fixed, Meshulam's bound gives M(n, k) < 
(1 + 0(1)) (^), i.e. it asymptotically approaches the conjectured bound; if 
7 > 7o ~ 0.8900, it gives M(n, k) < (^) + 1 for n sufficiently large, proving 
Conjecture [T] in this case. 

We observe that equality holds in Meshulam's bound when there is a 
partition of {0, 1}" into Hamming balls of radius k, i.e. in the following 
cases: 

• A;=l,r;, + lisa power of 2 

• = 3, n = 23 

• n = 2k + l 

When n = 2fc + 1, the irredundant family of all fc-subcubes containing 
either or 1 has size 2 (2) ■ 

We are then led to investigate the special case when every subcube must 
go through either or 1; we prove by an unusual linear algebra argument 



3 



that for k > n/2, any irredundant family in which all /c-subcubes go through 

either or 1 has size at most (^) . 

Finally, we obtain a general lower bound for all n and k. A probabilistic 
argument shows that there exists an irredundant family of /c-subcubes of 
{0, 1}" of size at least 

^(l_^)(l-/3)//32n, (3) 

where 




Combining this with Meshulam's bound, we see that 

- /3)(i-/3)//32" < M{n, k) < /32". 

The ratio between the upper and lower bound above is at most e for all n 
and k. 

U k = L7nJ for fixed 7 e (0, |), then 
so we obtain 

(l+od)) {1^)"^ (t^) 2" 2 ^(». Lt»J) < (1+0(1)) (^) 2". 

showing that M(n, [7^]) has order of magnitude 2". 
If A; = o(n), we obtain M(n, A;) = (1 - o(l))2". 

2 Upper bounds 

Aharoni and Holzman proved the following: 

Proposition 2 (Aharoni- Holzman, 1991). For any k < n, any irredundant 
family of k-subcubes of {0, 1}"" has size at most 



Proof. Let C be a /c-subcube of {0, 1}"; we write 0(C) for its set of fixed O's 
and 1(C) for its set of fixed I's. The characteristic function xc of C can be 
written as a function of (xi, . . . , Xn) € as follows: 

Xc(xi,...,Xn) = Yl n 

ieo(C) iei(C) 

— for example, 

Xil,*,*,*,Q)ixi, ^2, X3, X4, X5) = Xi{l - X5). 

Now let A be an irredundant family of fc-subcubes of {0, 1}". Then 

{xc-.Ce A} 

is a linearly independent subset of the vector space M.[xi, . . . , Xn]- To see this, 
for each C e A, choose a private vertex wc £ C. Suppose 

acXc = 

CeA 

for some real numbers {ac '■ C € A}. Then for any D & A, evaluating the 
above on gives: 

= ^ acXciwo) = an- 
ceA 

It is easy to check that the set of monomials 

is a basis for the vector subspace 

W = {xc : C is a /c-subcube of {0, 1}") C R[xi, ...,Xn\- 

Hence 

n—k / \ " / \ 

,.„..,.)H.HE(^E(:), 

proving the proposition. □ 
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For k = ['jn\, where 7 G (|, 1), we have: 



n\ sr-^ (n\ 87 — 1 / n 



E HE 



< 



so Proposition [2] gives the correct order of magnitude. 

For n = 2A; — 1, however, it only gives M{2k — l,k) < 2^^^"^, compared 
with 2(1 - 0(1)) (^\~^) from Meshulam's bound. 

We now give a proof of Meshulam's bound which we believe to be slightly 
more intuitive than the proof in |6]. The idea is that for any irredundant 
family A and any choice of private vertices, for every x G {0, l}*^, the private 
vertices chosen for the subcubes containing x cannot be too closely packed 
around x. Our main tool is BoUobas' Inequality: 

Theorem 3 (Bollobas, 1965). Let ai, . . . , ajv and 61, . . . , 6jv be subsets of 
{1, 2, . . . , n} such that ai (Ibj = ^ if and only if i = j . Then 

\ai\ + \bi\ 



. Equality holds only if there exists a subset Y C [n] and an integer a G N 
such that {oi, . . . , ajv} = Y^"'\ and bi = Y \ Vi. 

For a proof, we refer the reader to 0. 

Given an irredundant family A, we will fix a choice of private vertices, 
and deduce from Theorem [3] an inequality involving the subcubes containing 
a fixed vertex x G Q„; we will then sum this inequality over all x G Qn to 
prove bound ([2]). 

Theorem 4 (Meshulam, 1992). For any k < n, if A is an irredundant family 
of k-subcubes of {0,1}"', then 

1^1 < 



Proof. Let A be an irredundant family of fc-subcubes of {0, 1}", and for each 
subcube C E A, choose a private vertex wc G C. 
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Claim: For any x G {0, 1}"", 



( 



Wc^x\ + n — k 
n — k 



) 



1 



< 1. 



(5) 



CeA:x(^C 



Proof of Claim: 

This is an immediate consequence of Bollobas' Inequality. By symmetry, we 
may assume that a; = 0. Let {Ci, . . . , C^v} be the collection of subcubes in 
A containing 0. Each Ci is of the form Pvj for some fc-set Vi. Let Wi = Wd 
be the private vertex chosen for Ci. Notice that Wi C vj if and only if i = j, 
i.e. n = if and only if i = j, so applying Bollobas' Inequality gives: 



proving the claim. 

The inequality ([5]) expresses the fact that the private vertices chosen for 
the subcubes containing x cannot be too densely packed around x. Summing 




I.e. 
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([2D over all x G {0, 1}", and interchanging the order of summation, we obtain: 



2" > E E 

a;e{0,l|" CeA: 
x&C 

= EE 



Wc^x\ + n — k 
n — k 



-1 



c&A xec 

k /fcN 

1^1 E 



Wc^x\ -\- n — k\ ^ 
n — k 



WE 



/ J n+n-k\ 
1=0 \ n-k ) 

k\{n-k)W. 



ll{k - + n - k)l 
k\{n — k)\ n\ 



^- (k - iy.{n - {k - 

k 



\kJ 1=0 \ 

1^1 fn 

\k) 1=0 



Hence, 



2" fn 



as required. □ 

As observed by Meshulam, for k > j^n, by standard estimates, the bound 
above is < (^) + 1, implying Conjecture [T] in this case. More precisely, let 

H^i'y) = 7log2(l/7) + (1 - 7) log2(l/(l - 7)) 

denote the binary entropy function, and let 70 be the unique solution of 
-^^2(70) = I ill so that 7o = 0.8900 (to 4 d.p.); then we have the 

following 

Corollary 5. For n sufficiently large, and k > 'Jqu, any irredundant family 
of k-subcubes of {0, 1}" has size at most (^) . 
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In fact, Meshulam proved a generalization of Theorem H] for irredundant 
families of /c-dimensional subgrids of the n-dimensional grid ZJ^. (A k-suhgrid 
of is a subset of ZJ^ the form 

{x G Z^ : Xi = Qi Wi E T}, 

where T is a set of n — A; coordinates, and the fixed elements of Z^. 

A family of fc-subgrids of ZJ^ is said to be irredundant if none of its subgrids 
is contained in the union of the others.) Meshulam proved the following: 

Theorem 6 (Meshulam, 1992). Let A be an irredundant family of k-subgrids 
o/ZJ^; then 

We remark that our proof generalizes straightforwardly to prove this also. 
A slight modification of our method yields a result which gives us more 
'geometrical' insight into the problem: 

Theorem 7. Let B be a Hamming ball of radius k in {0,1}'^. If A is an 
irredundant family of k-subcubes of {0, 1}", each with a private vertex in B, 
then \A\< il). 

Proof. By symmetry, we may assume that B = [n^-'^K Let A be an irre- 
dundant family of /c-subcubes, each with a private vertex in [n]^-'^^ For each 
subcube C E A, choose a private vertex wc E [n]^-''\ Write C = {y E Qn '■ 
vc C y C uc}', we will call vc the 'start vertex' of C and uc its 'end vertex'. 
Let C = {y E Qn '■ wc d y C uc} be the {k — \wc\ + |fc|)-dimensional 
sub-subcube of C between the private vertex and the end vertex of C. 

Claim: For any vertex x E [n]^^\ 



Proof of Claim: 

As before, this is an immediate consequence of BoUobas' Inequality. By 
symmetry, we may assume that x = [k]. Write {C E A : x E C'} = 
{Ci, . . . ,Cj\f}. Let Vi = be the start vertex of Cj and Wi = wc^ its private 
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vertex. Clearly, Vi,Wi C [k] for every i G [A^]. Notice that Vi C Wj if and 
only a i = j, i.e. Vi fl {[k] \ wj) = if and only if i = j. Hence, BoUobas' 
Inequality gives: 

and the claim is proved. 

Summing ([7]) over all x E [n]'^''\ and interchanging the order of summa- 
tion, we obtain: 



n 



> 



E E 



k — \voc\ 

vc\^k- \wc\\ ~^ 
k — \wc\ 



For each subcube C E A, the (A; — \wc\ + |vc|)-dimensional subcube C 
ontains (!^~^^^\^^\^^^ vertices x G \ri^^^ ^ and for each of them contributes 
kd+fc-l«'ch |-]-^g above sum, i.e. a total of 1. Hence, 

k—\wa\ I ' ' 



i-4| = E E 



k - \wc\ ) ~ \k 



proving the theorem. □ 

We have equality in Theorem[7]if A is the family of all fc-subcubes through 
the centre of B. Notice that by fixing some choice of private vertices and 
averaging over all Hamming balls B of radius k, Theorem [7] immediately 
implies Theorem HI 

When n = 2k + 1, the irredundant family of all fc-subcubes containing 
either or 1 has size 2(^) , so we have equality in Theorem H] when n = 2k + l. 

We have been unable to find a counterexample to Conjecture [H Notice 
that by the same projection argument as in Corollary 6 (see later), if the con- 
jecture holds for n, k then it holds for n+ 1, k + 1, so it suffices to consider the 
case n = 2k — l. For n = 5, k = 3, the conjecture can be verified by hand, but 
there are exactly two extremal families up to isomorphism (permuting the 



10 



coordinates and translating): J-'o and the following family of ten 3-subcubes 
of Qs, five through and five through 1. The (unique) private vertices are 
indicated above the moving coordinates: 



10 1^ 

*, *, *, 0, 

10 1 

0, *, *, *, 
1 i' 
0, 0, *, *, * 

1 1 o' 
*, 0, 0, *, * 

1 i' 
*, *, 0, 0, * 

o' i' o' ; 

1, 1 

10 

1,1,*,*,* 

1 

*,1,1,*,* 

10 0. 

*,*, 1, 1,*^ 



Clearly, this family is not of the form Tx for any x G {0, 1}^. However, 
we have been unable to find another such example, and we conjecture that 
for n > 5 and k > n/2, the only irredudant families of /c-subcubes of {0, 1}" 
with size (^) are of the form J^^ ^oi x G {0, 1}". 

The best upper bound for n = 2A; — 1 is still Meshulam's bound, which 
in this case is: 



M{2k-l,k) < 



^2fe-i /2k - 1 



22fc-2 ^ (■2fc-l-j \^ k 

2 /2A; - 1 



l + 2-(2fe-2) (2*^-1) 



k 



2 /2A; - 1 



l + 2(l + o(l))/y(2A;- l)7r V ^ 

= 2(i-e(iM))('^-'^ 

To construct a large irredundant family when k > n/2, one might try 
just using subcubes containing or 1, so that the fc-subcubes containing 
have private vertices in [n] , and the /c-subcubes containing 1 have private 
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vertices in [n]*^-" However, a surprising linear algebra argument shows 
that even when n — 2k, such a family has size at most (^): 

Theorem 8. If A is an irredundant family of k-subcubes of {0,1}^'' which 
contain or 1, then \ A\ < (^^). 

Proof Let A be an irredundant family of A;-subcubes of {0, l}^'^ which all 
contain either or 1. Wc may assume that A is maximal with respect to 
this condition. For v e [2k]^''\ we write 

Uv -.^ {y: V <Z y G [2k]} 

for the /c-subcube between v and [2k] . 

We partition the vertices of the middle layer [2k]^''^ into three sets: 

S ^ {ve [2k]^''^ : Fv,Vv e A}; 

T ^ {v e [2A;](^) : exactly one of Pi; and Uv is in A}; 

R ^ {ve pA;]^'^) : Pi; ^ ^, Ui; ^ A}. 

Notice that 

we must show that \S\ < \R\. 

Write 5" = {vi, . . . ,vn}- For each Vi e S, Pvj must have a private vertex 
Wi e [2k]^-''~^\ If < k — 2, then we may choose bi G [2kY''~^^ such that 
Wi G bi G Vi, bi must also be a private vertex for Fvi, since any subcube 
containing both and bi must contain Wi as well. Similarly, we may choose a 
private vertex q e [2A;]^'^''"-'^^ for Uvi. Each point of T is a private vertex for the 
subcube in A containing it. Let B = {bi, . . . , bj^}, and let C = {ci, . . . , cj^}. 
Then we can choose all the private vertices to lie in TUfiUC. For each i, let 

Bi^{xe [2A;](*^^ : bi C x}, Q ^ {x E [2k]'' : x C Ci} 

be the neighbourhoods of bi and Ci in [2k]'^''\ First, we claim that 

([Jb^ n (^LJC'.j =SUR. 

To see this, take x e {ufL^Bi) fl (U^^C,); then bi C x C cj for some i and j. 
Suppose Fx G A; then bi G Fx, so x = Vi E S , i.e. Vx G ^ as well. Similarly, 
if Vx G A, then Fx E A as well. Hence, (ufL^Bi) n (Uii Q) C S U R. 
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Clearly, S C (ufL^Bi) n (ufL^Ci), as bi C Vi C Ci for every i. If x G R, 
then by the maximality of A, Fx must contain some 6j (otherwise it could 
be added to A to produce a larger irredundant family), and similarly Ux 
must contain some Cj. Hence, x G (ufL-^^Bi) fl (ufL-^Ci). It follows that 
-R C (ufL-^Bi) n (U^j^Cj) as well, proving the claim. 

For each i, let B[ = Bif\R = Bi\ S, and let Ci = QnR = Q\ S; then 
-Bj', C -R for each i. We claim that 

\B[ n Cj'l = 1 for each i, and H C^l = or 2 for each i ^ j. (8) 

To see this, first observe that for each i, 

BinQ = {x e [2kf''^ : biCxCCi} = {vi, yt] 

for some Ui G -R, and therefore 

B[nC[ = {y.}. 

For each i ^ j , ii hi ^ Cj , then 

5i n = 

and therefore 

Bl n = 0. 

If bi C Cj, then Bi fl Cj = {x G [2A;]*^'^) : bi C x C Cj} has size 2, and cannot 
contain a point of S, since if bi C vi C Cj, then i = j = 1. Hence, i^^'flCj also 
has size 2, proving ([8]). 

We recall the following easy lemma, the p = 2 case of which appears in 

[2J: 

Lemma 9. Let p be prime. If Fi, . . . , Fn, Gi, . . . ,Gn C [m] are such that 

\F, n Gjl = mod p 3 
and iFjflCil^O mod p Wi, 

then 

N <m. 
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Proof. Let xf be the characteristic function of F C [m]. Consider it as 
an element of the m- dimensional vector space F™ over ¥p. Observe that 
{XFi, ■ ■ ■ , XFjv) is linearly independent over Fp. To see this, suppose 

N 

riXF, = 

i=l 

for some ri, . . . ,rN € Fp. Taking the inner product of the above with xCj 
gives Tj = 0. Hence, < m as required. □ 

Applying the p = 2 case of this lemma to the sets B[, . . . , B'j^, C[, . . . , C'^ C 
R shows that IS"! < |-R|, proving the theorem. □ 

We immediately obtain the same result for all n < 2/c, by induction on n 
for fixed codimension c = n — k, using a projection argument: 

Corollary 10. Let n < 2k. If A is an irredundant family of k-subcubes of 
{0, 1}" which contain or 1, then \A\ < . 

Proof. Suppose the result is true for some n and k such that n > 2k; we will 
prove it for n + 1, k + 1. Let A be an irredundant family of + l)-subcubes of 
{0, 1}"+^ which contain or 1. Let At = {C e A : Ci = *} he the collection 
of subcubes in A with coordinate i moving; since each subcube has k + 1 
moving coordinates, 

n+1 

Y,\A.\ = ik + l)\A\. 

We will show that \Ai\ < (l) for each i e [n+1], giving |^| < gi(^) = 
Without loss of generality, i = n + 1. We project the family An+i of {k + 1)- 
subcubes onto {0, l}": let A'^^^ = {C : C G An+i}, where C is the k- 
subcube of {0, 1}" produced by projecting C onto {0, 1}", i.e. deleting the 
(n+ l)-coordinate of C (which is a *). Clearly, A'^^i is a collection of |^„+i| 
/c-subcubes of {0, 1}"" through or 1. It is also irredundant, as the projection 
of a private vertex of C in An+i is clearly a private vertex for C in A'^_^_i. 
Hence, by the induction hypothesis, < (^), giving the result. □ 

Notice that we do not have uniqueness of the extremal families in Theorem 
[8]for any value of k: as well as taking ^ = J-'o or J-*!, any family A containing 
exactly one of Px,Ux for each x E [2k]^''^ is extremal. Slightly more surpris- 
ingly, we do not have uniqueness (in Corollary [TU]) for n = 5, A; = 3 either: 
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consider the irredundant family of ten 3-subcubes of {0, 1}^, five through 
and five through 1, exhibited earher. 



3 Lower bounds 

The case n = 2k. 

Now, returning to general irredundant families, what can we say about the 
case n = 2/c? Meshulam's bound gives: 



M{2k,k) < 




2 f2k\ 

l + (l + o{l))/^/2^\k ) 

= 2(i-e(i/v^))Q^) 

Our lower bound (E]) no longer beats J-q, since it only gives 

M{2k, k) > - /3)(i-'')//^2^^ = (1 + o(l))^^^2^'= = (1 + o(l))^ . 

Notice that J-q is a maximal irredundant family. We know from Theorem [8] 
that any irredundant family of fc-subcubes in which each goes through either 
or 1 has size at most [^^) ; we now exhibit a maximal such family B which 
is not maximal irredundant. 

Let Bo = {Fx : 1 G x} be the collection of fc-subcubes containing the line 
(*, 0, 0, 0), and Bi = {Vx : n ^ x} the collection containing (1, 1, 1, *). 
Consider the family B = BqUBi; it has size \B\ = 2(^^~^) = (^^) ; we will show 
that it is irredundant and not maximal. What are the i3-private vertices of 
each subcube C E B7 Write Cj for the symbol (0, 1 or *) in the i-coordinate 
of the subcube C. There are 4 different types of subcubes in B to consider: 

• C eBo with Cn = 0, e.g. C = 

(*,*,...,*,*, 0, 0) has i3o-private vertices 

. .,1,1,0,. ..,0); 
(1,1,...,1,1,0,...,0) G (1, 1,..., 1,1, *,...,*) Gi3i, but 
(0, 1, . . . , 1, 1, 0, . . . , 0) G [?T,](''"^) so is not in any D G Bi, so is the 
unique ^B-private vertex of C. 
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• C e Bo with Cn = *: e.g. C = 

(*, * *, 0, . . . , 0, *) has Bo-private vertices 

(*,1,...,1,0,...,0,1); 

this hne has k fixed O's in coordinates {2,...,n — 1} whereas each 
D e Bi has at most k — 1 *'s in this range, hence this hne is disjoint 
from Bi and both its vertices are the unique B-private vertices of C. 

• C eBi with Ci = 1: e.g. C = 

(1, *, . . . , *, 1, . . . , 1, *) has B-private vertex 
(1,0,. ..,0,1,. ..,1,1) 

• C e Bi with Ci = *: e.g. C = 
(*,*,...,*, 1, 1, *) has B-private vertices 
(0,0,...,0,1,...,1,*) 

Notice that 
and 

UoeB^D = \J {x E : n ^ x} 

Hence, 

{0, 1}'* \ UoeeD ^ {x e [n]^^) :l^x,nex} 

Now let E be any A;-subcube with Ei — 0, — 1. 

Claim: BU {E} is also irredundant. 

Proof of Claim: If E has s O's and t I's in coordinates {2, . . . ,n — 1}, where 
s + t = k — 2, then setting /c — 1 — t *'s = 1 and the other t + 1 *'s = 0, 
we find an x & E n [n]^''^ : 1 ^ x,n & x, i.e. a i3-private vertex for E. We 
must now check that each of the above types of subcube in B has a B-private 
vertex not in E: 

• C E Bo with Cn = 0: disjoint from E, so the B-private vertex will do. 

• C e Bo with Cn — *'■ choose the B-private vertex with 1-coordinate 1. 

• C e Bi with Ci = 1: disjoint from E, so the B-private vertex will do. 

• C E Bi with Ci = *: choose the B-private vertex with n-coordinate 0. 
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This proves the claim. How many such subcubes can we add on? We can 
certainly add on the family: 

S = {E : El = 0, En = I, E2 = *,Ei = or *\fiy^ 1,2 or n} 

e.g. the subcube 

(0, *, 0, . . . , 0, *, . . . , *, 1) has private vertex 

(0,1,0,. ..,0,1,. ..,1,1). 

Hence, 

but we still have a gap of | between the constants in our lower and upper 
bounds. 

Notice the sharp drop by a factor of order y/n from M(n, L7^J) = ©7(2") 
for 7 G (0, i) to 

/ n \ 2" 
M(n, [n/2\) < 2 , . , = 2(1 + o(l)) 



\n/2\J a/t™ 
The case k < \n 

When k < |n, we can construct an irredundant family by taking a union 
of J-'t,'s: choose a maximum {2k + l)-separated subset S C {0, 1}*^ (i.e. a 
maximum fc-error correcting code) and let 

be the family of all /c-subcubes containing a point of S] then 

1-^51 = 1^1 



n 
k 

When there is a subset 5* C {0, 1}" such that the Hamming balls of radius k 
centred on the vertices of S partition {0, l}" (i.e. a perfect fc-error correcting 
code), 

which exactly matches Meshulam's bound. 

It is known that there is a perfect fc-error correcting code in {0, l}'^ pre- 
cisely in the following cases (see [7]): 



17 



• A; = l,n + lisa power of 2 (take any Hamming code) 

• k = 3, n = 23 (take the Golay code) 

• n = 2fc + 1 (take a 'trivial' code, two vertices of distance n apart) 
so in these cases, we have equahty in Meshulam's bound: 

M{n,k) 



First, consider the case k = 1; a. 1-subcube is simply an edge of {0, l}". 
Meshulam's bound is 

M(n, l)<^2^ 

Kabatyanskii and Panchenko [5] proved the existence of asymptotically per- 
fect packings of 1-balls into {0, 1}", namely that there is a packing of 

2" 

'1 — 0(lnlnn/ Inn)) 



n + 1 



1-balls into {0, 1}". Taking all edges through the centre of each ball gives an 
irredundant family of size 

2"(1 -0(lnlnn/lnn)) = 2"(1 - 0(lnlnn/ Inn)) 



n + 1 

We can in fact improve on this with the following 'product' construction. Let 
s G N be maximal such that 2^ — 1 < n; write n = m + r where m = 2^ — 1. 
Take a perfect packing of 1-balls into {0, l}'" and take all edges through 
the centre of each ball, producing an irredundant family B in {0, 1}™ of size 
^2"^. Writing {0, 1}" = {0, l}'" x {0, 1}^ let A be the family consisting 
of a copy of B in each of the 2^ disjoint copies of {0, 1}''; |^| = ^^^2". 
Notice that m = 2* — 1 > |n, since otherwise 2'^^^ — I < n, contradicting 
the maximality of s. Hence, |^| > ^^2", and we have 

n 

M(n, 1) > 2" Wn G N, 

^ ~ n + 2 

so 

M(n,l) = 2"(1 - e(l/n)). 
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What about for k fixed and n growing? It is a longstanding open problem 
in coding theory to determine whether, for k fixed, there is an asymptotically 
perfect packing of /c-balls into {0, 1}"^, i.e. a packing of 



2 



(1-0(1)) 



Etc C) 



/c-balls into {0, 1}"; given such, by taking all fc-subcubes through the centre 
of each ball, we would immediately obtain an irredundant family of size 



However, this conjecture remains unsolved for all k > 1. 

Moreover, for k = Q{n), the approach outlined above can only give a rel- 
atively small irredundant family. Corradi and Katai |1] proved the following: 

Theorem 11 (Corradi-Katai, 1969). Let S C {0,1}" be an {n/ 2) -separated 
set; then 

• \S\ < n + 1 if n is odd 

• \S\ < n + 2 if n = 2 mod 4 

• \S\ < 2n if n = mod 4 

(For a proof of this, we refer the reader for example to [3j §10.) 

So we see that, for example, any (2A; + l)-separated family S of vertices in 
Q^k must have \S\ < 8k, and so taking all fc-subcubes through each of these 
vertices only gives 



We now improve on this using a probabilistic method. The idea is to take 
a random subset S C {0, 1}" where each vertex is present independently with 
some fixed probability p; for each vertex w G {0, 1}" of (Hamming) distance 
k from S, we choose a fc-subcube Cw between w and some vertex of S, giving 
a random irredundant family of /c-subcubes A = {Cw ■ d{w,S) = k}; the 
expected size of this family is then a lower bound for M(n, k). 




2"(l-o(l)) = 2"(l-o(l)) 



Eto C) 
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Theorem 12. For any k < n, there exists an irredundant family of k- 
subcubes of {0, 1}" of size at least 



_/3)(i-W/32", 



where 





Sj=0 (i) 



Proof. Let S* be a random set of vertices in {0, 1}" where each vertex is 
present independently with probabihty p (to be chosen later) . Consider the 
random set of vertices 



where d{x,y) = \xAy\ denotes the Hamming distance between x and y. For 
each w & W, choose any Xu, & S such that IwAx^^j = k, and let Cu, be the 
/c-subcube between Xu, and w, i.e. 



Note that the subcubes are pairwise distinct: Xu, is the unique point 
of 5* in Cyj, and w is the 'opposite' point, so Cyj determines w. Moreover, 
A is irredundant, since w is a private vertex of C^. (If w G C^', then 
|x^/Ai/;| < A;, so Ix^/Awj — k, so i/; is the unique vertex in C^/ of distance 
k from Xw', so w = w'.) We now calculate the expectation of the random 
variable |^| = \W\. A vertex v G {0, 1}" is in W if and only if the (A; — l)-ball 
around v contains no vertices of S but the /c-ball around v does contain a 
vertex of S; the probability of this event is 



W ^ {x e {0,iy : d{x, S) ^ k}, 



Cy, = {ye {0, 1}" : yAw C x^Aw}. 



Consider the random family of /c-subcubes 



A={C^:we W}. 



(1 _p)E?=o (:) _ (1 



Hence, the expected size of A is 



(1 _p)Ej*=o (i) 
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Let 

Ek fn\ ' \ i^J 1 

j=0 \i) 



— ^Jn,k ■— 



then 

The function 



attains its maximum of 



at 



/:[0,1] ^ R; 

t ^ i^-^-i 



Hence, choosing p such that 

(i_p)E?=oa)^(i_^)i//3, 

our random irredudant family has expected size 

Hence, there exists an irredundant family of size at least this, proving the 
theorem. □ 

Combining this with Meshulam's bound, we see that 

- /5)(i-/3)//32'* < M(n, A;) < /32". (9) 
The ratio between the lower and upper bound above is 

Observe that g'{P) > V/3 e (0, 1), so is strictly increasing on (0, 1). Note 
that 

ln(5(/3)) = i^ln(l-/3)^-l as /3 ^ 0, 

so g{/3) 1/e as /3 -)■ 0; \n{g{/3)) -)> as /3 1, so g{l3) ^ 1 as ^ ^ 1. 
Hence, 1/e < g{(3) < 1 V/3 e (0, 1), so the ratio between the upper and lower 
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bounds above never exceeds e. We believe that the upper bound is closer to 
the true value, but we have been unable to improve our lower bound. 
Uk = o(n), then /3 = 1 - o(l). Let 

ri = l-l3- ^'=° 



Elo il) ' 



then 1] = o(l). 

Theorem [12] implies that 



M(n, A;) > (1 - 7])r]'^^^^~'^h'' = (1 - 0{r]\n{l/r])))2'^; 

which asymptotically matches the upper bound from Meshulam's theorem, 

M{n,k) < /32" = (1 -r/)2". 

li k = ['yn\ for some 7 G (0, |), using the fact that as / decreases from 
A; — 1 to 0, (") decreases geometrically, we obtain 

1 - 27 

/3n,M = (1 + 0(1))^— — ; 
substituting this into gives: 



(1+0(1)) (i-^j 2" < M(n, L7-J) < (1+0(1)) [LJl 

Hence, we see that 

M(n, L7^J) = e,(2"). 

Comparing this with 

M(n, K2J) = e ((l^/2j)) = ®^27v^), 

we see that M(n, ['jn\) experiences a drop in its order of magnitude at 7 
1/2. 
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4 Conclusion 



To conclude, we believe Conjecture [T] to be true, but that new ideas would 
be required to prove it for all k > n/2. The problem seems at first glance to 
be ideal for tackling using the methods of linear algebra, but we have only 
been able to obtain a sharp result using such methods under the additional 
constraint of all the subcubes going through or 1. All the above-mentioned 
proofs of Meshulam's bound involve considering separately certain subfam- 
ilies of an irredundant family, and then averaging; to prove the conjecture 
when k is close to n/2, one would need to take into account how an efficient 
arrangement in one region of {0, 1}" is incompatible with efficient arrange- 
ments in other parts. The fact that Meshulam's bound is tight for n = 2k + l 
indicates that the ideas used to prove it will probably not help to approach 
the conjecture when k is close to n/2. 

If Conjecture [1] turns out to be true, it would also be of interest to deter- 
mine when the only extremal families are the J^r's; we conjecture this to be 
the case for all n > 5. It may also be possible to close the gap between the 
lower and upper bounds in ([9]) for /c < n/2, though we consider it fortunate 
that there is only a constant gap between our 'random' lower bound and 
Meshulam's 'combinatorial' upper bound. 

References 

[1] R. Aharoni, R. Holzman, Oberwolfach, 1991. 

[2] L. Babai, P. Frankl, Linear Algebra Methods in Combinatorics with Ap- 
plications to Geometry and Computer Science, Department of Computer 
Science, University of Chicago, preliminary version, 1992. 

[3] B. Bollobas, Combinatorics: Set systems, hypergraphs, families of vec- 
tors, and combinatorial probability CUP 1986. 

[4] K. A. Corradi, I. Katai, A note on combinatorics, Annales Universitatis 
Scientarum Budapestinensis de Rolando Eotvos Nominatae, 12 (1969), 
pp. 100-106. 

[5] G.A. Kabatyanskii, V.I. Panchenko, Unit Sphere Packings and Cover- 
ings of the Hamming Space, Problems in Information Transmission 24 
(1988) pp. 261-272. 



23 



[6] R. Meshulam. On Families of Faces in Discrete Cubes, Graphs and Com- 
binatorics 8 (1992) pp. 287-289. 

[7] A. Tietavainen, On the nonexistence of perfect codes over finite fields, 
SI AM Journal on Applied Mathematics Volume 24 No.l January 1973 



24 



